EXISTENCE OF MARTINGALE AND STATIONARY SUITABLE 
WEAK SOLUTIONS FOR A STOCHASTIC NAVIER-STOKES 

SYSTEM 



MARCO ROMITO 

Abstract. The existence of suitable weak solutions of 3D Navier- 
Stokes equations, driven by a random body force, is proved. These so- 
lutions satisfy a local balance of energy. Moreover it is proved also the 
existence of a statistically stationary solution. 



1. Introduction 

The suitable weak solutions of three dimensional Navier-Stokes system 
are weak solutions which satisfy a local energy inequality. The local energy 
inequality can be seen as a mathematical counterpart of a local balance 
of the variation of the energy of the fluid governed by the Navier-Stokes 
equations. This additional property in general is not verified by solutions 
to Navier-Stokes equations (e.g. solutions obtained by Galerkin approxima- 
tions), but, from a physical viewpoint, it is natural to choose solutions which 
have more regularity properties and so a more precise physical meaning. 

The concept of suitable weak solution was introduced firstly by Caf- 
farelli, Kohn and Nirenberg in [4J, with the aim to study the partial reg- 
ularity of solutions of Navier-Stokes system. With this approach the local 
energy inequality is turned out to be a crucial tool and it has brought Caf- 
farelli, Kohn and Nirenberg to show in [4| the best known result in this 
setting. 

The suitable weak solutions were already defined in the papers of Schef- 
fer lHH, ifTTI . ifTSl . even if in a rather implicit way. Scheffer gives an in- 
terpretation of the local energy inequality in terms of the existence of an 
external force / acting against the flow, in other words 

f{t,x)-u{t,x) < 0. 

In this paper we will show the existence of martingale suitable weak so- 
lutions of three dimensional Navier-Stokes system. These are solutions of 
the Navier-Stokes equations driven by a random body force (a white noise). 
Different interpretations can be given to these terms. A random force can 
represent all those phenomena that are usually neglected where the system 
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is Stable. A random solution of the Navier-Stokes equations can take into 
account that flows with a large Reynolds number are chaotic and sensitive to 
microscopic perturbations. Sources of perturbations can be the roughness 
of the boundary, or the effects of the environment external to the system, 
such as acoustic waves, etc. 

We will prove also the existence of stationary suitable weak solutions, 
where stationary has to be understood in a statistical sense. These solutions 
may describe a fluid in a turbulent regime. The partial regularity of these 
solutions will be studied in other papers (see 0, lIHl and 11151 ). 

Many authors have proved the existence of deterministic suitable weak 
solutions, see for example Caffarelli, Kohn and Nirenberg |4|, or P.L. Lions 
ifTSll . Beirao da Veiga lEI, Lemarie-Rieusset [111 . None of the methods used 
in these papers is well suited to prove the existence of martingale solutions. 
The existence of suitable weak solutions in a stochastic setting seems to be 
new. 

1.1. Notations. Let D be an open bounded subset of having a smooth 
boundary and for each T > set Dj = (0, T) x D. Define the space 

H = {u:D^R^\ue {L^{D)f , divM = 0, w ■ n\^D = }, 

where n is the outer normal to dD (see for example Temam ES), and the 
space 

V = {ue {H\D)f |divM = 0, M|a^ = 0}. 

The L^-norm of elements of H will be denoted by | ■ | and the //^-norm of 
elements of V will be denoted by || ■ ||. If the space H is identified with its 
dual and the space H' is identified with a subspace of V', then 

V CH CV'. 

The operator A : D{A) C is defined as Au = — Aa, where is the 

orthogonal projection from L^{D)^ onto H and D{A) = H^{D)^ fl V. The 
operator A is positive self adjoint with compact resolvent. The eigenvalues 
of A are denoted by < ?ii < < . . . and ei, 62, ■ ■ - is a. corresponding 
complete orthonormal system of eigenvectors. 

Moreover, if the dual space of D{A) is denoted by D{A^^), then identifi- 
cations as above give the dense continuous inclusions 

D{A) cV C H cV' C D{A-^). 

The fractional powers A" of A, a > 0, are simply defined by 

00 

A^x=Y^lf{x,e,)ei 

with domain 

D(A")={xe//|||x||a(^a)<oo} 
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where 

oo 

1=1 

The space D{A^) is an Hilbert space with the inner product 

Notice that D(A«) C H^'^^D). 

Since V coincides with D{A^f^) (see Temam ||23l Section 2.2, or Temam 
ll24l . Ch. Ill, Section 2.1), the space V can be endowed with the norm 
||m|| = |A^/2m|. The Poincare inequality gives 

Moreover we will consider the Sobolev spaces W^'P{0,T;H) endowed 
with the norm 

Finally we define the bilinear operator 5 : V x V — > as 

(5(m,v),w) = / w-{u-V)vdx, w G y. 

JD 

The operator B can be extended in many different spaces (see for example 
Temam GS). 

In the sequel we will largely use the following local Sobolev inequality. 
Let u G H^{Br), then 

q q 

(1.1) / \u\^<c( I I \u\'Y^ + ^/ ^ • 



Bf Bf J Bf J ^ Bf 

where q G [2, 6] and a = \{q — 2). 

2. DEFINITIONS AND MAIN RESULTS 

We consider a viscous incompressible homogeneous Newtonian fluid in 
the bounded open domain D c R-^, described by the Navier-Stokes equa- 
tions 

'dtU + {u-W)u + WP = v/\u + f + dtg inDr 
div u = in Dj 

u = on [0, T] X dD 

^m(O) = uo 

where u is the velocity field, P is the pressure field and v is the kinematic 
viscosity. For simplicity we will take V = 1, since its value is not relevant in 
the present setting. The term dtg represents a rapidly fluctuating force and 
in this paper it will be model by a white noise. In order to handle this term 
we introduce the new variables 

v = M-z, n = P-Q, 



(2.1) 



(2.2) 
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where the pair (z, Q) solves the following Stokes equation 

[da + yQ = Az + f + dtg, 
divz = 0, 

z = on aD, 

U(o) = o, 

in [0, T] X D. Then the new variables (v, n) solve the following equation 
'arv + ((v + z)-V) (v + z) + V7r = Av, 

(2.3) ^^^^ = '' 

I V - on aD, 

^V(O) =M0, 

where the white noise term has disappeared. We will ask for a path-wise 
local energy inequality to the pair (v, tt), as we shall see in the sequel. 

2.1. Assumptions on the data. We will model the fluctuation part of the 
body force dig as a noise white in time dfB, so that 5 is a Brownian motion. 
We will assume throughout the paper the following assumptions 

uq E H, 

(As) feL^{0,T;H), 

5 is a Brownian motion with trajectories in D(A ) 

for a small 5 > 0. It is possible to see that this set of assumptions implies 
that the trajectories of the solution z of equations (12.21) have the following 
regularity properties 

(2.4) zeL°°(0,r;//)UL2(0,r;\/)nL°°(0,r;L4(D)) P-a.s. 
(see Flandoli f6l). 

Remark 2.1. Another way to give assumptions (lAsI) regarding the Brown- 
ian motion B is to consider the covariance operator O, which is a positive 
bounded self-adjoint operator. We suppose that O maps H into D{A^). So 
a sufficient condition that ensures (lAsI) is that the operator A^OA^ has a 
bounded extension to H which is of trace class (see Q for more). 

Remark 2.2. Even if we are mainly interested in interpreting the fluctuation 
dtg as a white-noise, in view of stationary solutions we will consider also 
deterministic solutions. In this case we will assume 

Uq E H, 

(Ad) feL\QJ-H), 

ged-\[Oj]-D{A^)), ^(0) = 0, 

for 5 > £ > 0, so that again property (12.41) holds (we refer again to Flandoli 
||6|). Note that it is possible to choose the function g with different regularity 



EXISTENCE OF MARTINGALE AND STATIONARY. 



5 



properties, combining in different ways the differentiability with respect to 
time and the differentiability with respect to space. 

2.2. Martingale suitable weak solutions. We start with the definition of 
martingale suitable weak solutions and we give the main theorem about 
their existence. 

Before doing this, we define the suitable solutions in a deterministic set- 
ting, so that the derivative of g with respect to time has to be understood in 
the sense of distributions. 

Definition 2.3. Let T G (0,oo]. A suitable weak solution to Navier-Stokes 
equations is a pair (m, P) such that if v = u — z and n = P — Q, where (z, Q) 
is the solution of equation (12.21) . then 

1. V is weakly continuous with respect to time, 

2. V e L'^{0,T-H)nL^iO,T;V) and tt G Z^^f (£>r), 

3. (v, tt) satisfies equation (12.31) in the sense of distributions on Dt, 

4. for all ? < r and almost all s < t, 

\v{t)\^ + 2 f \\vfdr<\vis)\^+ f f z-i{v + z)-V)vdxdr 

Js Js Jd 

(v) forany(^GCr(Z)r),(^>0, 

2 /V |Vv|2(^< /V |v|^(af(^ + A(^)+2 T^iy-W^) 
Jo Jd Jo Jd Jo Jd 

+ /7 (|v|2 + 2vz)((v + z)-V(^) 
70 Jd 

+ 2 /V <^z-{{v + z)-V)v 
Jo Jd 

A martingale suitable weak solution for the Navier-Stokes equations will 
be the solution of a stochastic differential equation driven by an additive 
noise such that its trajectories are suitable weak solutions in the sense of the 
definition above. More precisely: 

Definition 2.4. A martingale suitable weak solution is a process {u^P) de- 
fined on a stochastic basis 

(^2,J,(j),>0,P,(5f)^>o), 

where 5 is a Brownian motion adapted to the filtration with values in D(A^) , 
such that 

(oe^^{u{(o),P{io))eL^{0,T;H)x[^/^^{DT) 

is a measurable mapping and such that there exists a set flo C of full 
probability such that the pair (o),/'(-,(o)) is a suitable weak solution in 
the sense of Definition 12.31 with respect to the body force f + dtBt{io), for 
all CO G Qq- 
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We want to explain the meaning of the last part of this definition. Since 
5 is a Brownian motion, under assumption (lAsI) it has P-a.s. trajectories 

in C5-£([0, T];D{A^)), for < £ < (3 < 5. So for every given CO e ^o, we 

have that 5(a)) G C^^^{[0, T];D{A^)), the solution (z(co), 2(Q))) enjoys the 
regularity stated in (12.41) and the pair (u{(d),P{(d)) satisfies all the conditions 
of Definition 12. 3 1 with respect to these functions. 

We can give now the main existence theorem for martingale suitable 
weak solutions. 

Theorem 2.5. Assume (lAsI) . There exists a martingale suitable weak solu- 
tion (in the sense of Definition \2.4\ above ) with initial data uq. Moreover 

(2.5) E|m(0|h + 1E / \\u\\ldr<E\u{s)\jj + o{t-s)+'E[ \\f\\v'ds, 
and 

E[sxxp\uN{r)\l]+E [' \\uN\\vdr<2E\uo\jj + 2 f \\f\\l,ds 

{s,t) Js Jo 

(2.6) +2a(l+aCf)(r-5). 

where o z^' the variance ofB and Ci is a universal constant. 

Remark 2.6. It can be noticed that, as in [4J, the complete local energy 
inequality 

/ |m(0|2(^ + 2 r / |Vv|>< 
Jd jo Jd 

f I |v|2(a,(^ + A(^)+2 f 1 7r(vV4.) 
JO Jd Jo Jd 

- f [ (|v|2 + 2vz)((v + z)-V(^)+2 r / (^z-((v + z)-V)v 
JO Jd Jo Jd 

can be recovered using a cut-off function %: 

0<X<1, x = Ofor^<0, x=lfor5>l; 

for each t we use (^^{x,s) = (|)(x,5)x(^) as a test function and, as £ ^ 0, 
we obtain the full local energy inequality. 

Remark 2.7. The definition of suitable weak solution we have given seems 
to depend on the solution z of the linear problem. This is not true, the 
definition given above has been introduced only to deal with the term dtg- 
Indeed, it is possible to show the following result, which will be proved in 
Section |3l 

Theorem 2.8. The property of being a suitable weak solution for a pair 
{u,P) does not depend on the solution (z, Q) chosen for the linear problem. 

The previous theorem tells us that, when ^ = 0, there is no difference 
between the suitable weak solutions in the sense of Caffarelli, Kohn and 
Nirenberg H and ours. 



< 



+ 
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2.3. Stationary solutions. The approach we follow here concerning the 
framework of the path space and the introduction of stationary solutions is 
due to Sell llT9ll (see also 1 9 1) and gives a solution to the problem of studying 
the asymptotic behaviour of dynamics when the dynamic itself cannot be 
well defined, as for Navier-Stokes equations. 

A stationary solution is a measure on the space of all trajectories {u,W) 
that are solutions to Navier-Stokes equations, which is invariant for the 
time-shift. In this setting we will not consider the pressure term P explicitly, 
since we are mainly interested in the statistical properties of the velocity. In 
fact in [ 8 1 a regularity criterion will be proved which involves only the gra- 
dient of the velocity. 

In order to have an equation whose deterministic part is autonomous, we 
will suppose that the deterministic forcing term / G L^{D) is independent 
of time. The time-shift will act on the increments of the Brownian motion 
in order to preserve the stationarity of its increments. 

Let Co ( [0, +oo) , //) be the set of all continuous functions which take value 
in ? = and let S be the subset of Lf„^(0, +<^\H) x Co([0, +«>),//) of all 
suitable weak solutions in (0,°°) x D, that is the set of all pairs {u,W), 
where W G C^I^-^{[OJ];D{A^)) for < £ < |3 < 6, and m is a suitable 
weak solution in the sense of Definition 12.31 for all T > under the body 
force f + dtW. In this setting the pressure P is treated as an auxiliary scalar 
field. We will see that this set is not empty. Let us define a metric on S . Let 

CO 

d2{W\W^)= J^2-"(lAsup|W'i-W2|), 

n=\ (0,«) 

and the metric on S is defined as 

d{{u\W^),{u^,W^)) =di{u\u^)+d2{W\W^). 

Let Cb{S ) be the space of all bounded real continuous functions on S with 
the uniform topology, let S be the Borel o-algebra of (5 , d) and M\ {s ) be 
the set of all probability measures on (5 , S ) . 

Let Xt '■ S ^ 5 , > 0) be the time shift on 5 , defined as 

%t{u,W){s) = {u{s + t),W{t + s)-W{t)). 

Notice that the map w, W) it{u, W) is continuous from [0, S io S . 
We denote again by X; the induced mapping on Ch{s), defined as 

and by Xf/j the image measure of any fj E Mi{s) under X/, in the sense that 

(x;Ai,4») = (a^,x,4)) 

for each ^ ECb{s). 
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Definition 2.9. A probability measure G Mi (5 ) is time- stationary if x^^u = 
for all t >0. A probability measure /j has finite mean dissipation rate if 

iVul^dxcit 



JD 



/j{du) < 00 



for all r > 0. 



Remark 2.10. The property of having a finite dissipation rate is exactly the 
one we will need to apply the regularity criterion presented in 1 8 1 . Notice 
that this property does not depend on the presence of the noise, since there 
exist stationary solutions with finite dissipation rate also for the determinis- 
tic solution (see 0). 

Theorem 2.11. Let f G L^{D) be independent of time. There exists a time 
stationary probability measure jn G Mi {s ) with finite mean dissipation rate. 
Moreover, there exists a constant C^> such that for all t > s > 0, 

(2.7) J j \Vu\^dxdt n{du)=C^{t-s). 

Finally, the image measure of fj under the projection onto the second com- 
ponent is a Wiener measure whose covariance operator maps H in D{A^), 
for a small 5 > 0. 

The last claim of the theorem says poorly that the standard process on S 
having law is a martingale suitable weak solution driven by a Brownian 
motion satisfying assumption dAsI) . 

3. The proof of Theorem 12. 81 

Let (w,/') be a suitable weak solution in the sense of Definition 12. 31 that 
is, with respect to the solution (z, Q) of problem (12.21) . Let (zi, 2i) be the 
solution of the equation 

■a,zi-Azi-fV<2i =/i, 
divzi = 0, 

with initial condition zi (0) = zo, and set 

w = z-zi and R = Q-Qi- 

Then vi = v + w. Hi = R + n and v + z = vi + zi = u. We show that (m, P) 
is a suitable weak solution with respect to (zi, In order to do this, we 
have only to show that vi satisfies the local energy inequality (13.31) (which 
has an additional term which takes into account the term f — f\). 
The function w is the solution of 

Aw-fVi? = /2, 
divw = 0, 
w(0) = -zo, 
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where fi = f — fi- It is easy to see, by mollification, that for any (|) G 

C7{Dt), > 0, 

T T T T 

ill |Vw|>= / / |w|2(8,(^ + A(^)+2 / / R{wW^)+2 I I ^f2-w. 
Jo Jd Jo Jd Jo Jd Jo Jd 

Lemma 3.1. With the notations above, for any ^ G C^i^Dj), 

A I I ^Wvyw = 
Jo Jd 

= 2 r j vw(af^ + A(^)+2 r I R{vV(^) + 2 l^l n{wV(^) 
Jo Jd Jo Jd Jo Jd 

+ 2 /7 <^f2-v+ /7 (2wz-|w|2)((v + z)-V(^) 
Jo Jd Jo Jd 

+ 2 ri (^z-((v + z)-V)w-2 /7 c^vv((v + z)-V)vi 
JO Jd Jo Jd 

Proof. Let ^ G C'^{Dt)', by mollification in a neighbourhood U of Supp(|) 
we obtain (we,i?e) such that — w in L°°(L^), Vwe Vw in and 
R in in U. 

Since (v, 7l) is a weak solution of (I2.3I) . we use (|)We as a test function to 
have 

(3.1) / / vw^dt^+ I I ^vdtw^+ [ I (v + z)-[(v + z)-V]((^We) + 
Jo Jd Jo Jd Jo Jd 

+ [ I nwE-V(^= I I VvV(4)We) 
JO Jd Jo Jd 

Moreover we have in Supp ^ 

3? We - A We + Vi?e = /2, 
divvvg = 

and multiplying by (])v and integrating by parts gives 

T T T T 

(3.2) / / (^va,We+ / / Vwe-V((^v)= / / 7?e(v-V(^)+ / / (^/2-V. 

Jo Jd Jo Jd Jo Jd Jo Jd 

Then we subtract (13.21) from (13.11) and we use the following facts (they can 
be easily obtained by integration by parts) 

/ / VvV(4)We)+Vwe-V(4)v) = / /24)VvVwe-V-WeA4), 

Jo Jd Jo Jd 

^ ^(^v((v + z) • V)we = - ^ ^(^We((v + z) ■ V)v+ 

T 

T T 
ill (^wMv + z)-y)we = - I I |we|2(v + z)-V(^, 

Jo Jd Jo Jd 
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SO that we finally have 

4 / / 4)Vv ■ Vwe = 
Jo Jd 

2 r[ vWs{dt<^ + A(^)+2 I [ ReV-V<^ + 2 [ [ '!lWe-V<^ 
Jo Jd Jo Jd Jo Jd 

+ 2 /7 <^V-f2+ n (2z-We-|We|2)[(v + z)-V(^] 

70 Jd Jo Jd 

+ 2/7 <^z[{v + z)-^]We-2 r [ (^We[(v + z)-V](v + We) 

Jo Jd Jo Jd 

and, as £ goes to 0, the conclusion follows. □ 

With the help of the above lemma, we can conclude the proof of Theorem 
EH Let 4) G C^{Dt), with 4) > 0, and ? G (0, T]. By definition 



T 

Jd 



(^|Vvi|2 = 2 /7 (^|Vvp + 2 /Y (^|Vw|2 + 4 /Y (^VvVw. 
Jo Jd Jo Jd Jo Jd 



Since (v, n) satisfies the energy inequality and using the energy equality for 
and the previous lemma, we have 



/7 (^|VviP< 
10 Jd 



< n (|v|2 + 2vw+|w|2)(a,(^ + A(^)+2 /7 {'!^+R){v-V^) 
Jo Jd Jo Jd 



+ / / (|v|^ + 2vz + 2wz-|wr)((v + z)-V4>) 
Jo Jd 

+ 2 /7 ^z-{iv + z)-V){v + w) + 2 n {R + n){wV(s}) 
Jo Jd Jo Jd 

T T 
+ 2 [ f ^f^.{y + w)-2 f /'c^w((v + z)-V)vi. 

Jo Jd Jo Jd 

Now we use the fact that vi = v + w, TTi = 7r + i?, v + z = vi+zi and that 

|v| +2v-z + 2w-z— |w| =|vi| +2vi-zi 

to obtain the local energy inequality for vi 



2/ / (^|Vvi|^< / / |vi|^(a,(^ + A(^)+2 / / 7ri(vi-V(^) 
Jo Jd Jo Jd Jo Jd 

(3.3) + /7 (|vi|2 + 2vi-zi)((vi+zi)-V(^) 

Jo Jd 

+ 2 /7 (^zi-((vi+zi)-V)vi+2 /7 (^vi-/2. 
Jo Jd Jo Jd 



EXISTENCE OF MARTINGALE AND STATIONARY. 



11 



4. Proofs of the existence theorems 

In this section we will prove Theorem 12.51 on existence for martingale 
suitable weak solutions, and Theorem l2.1 11 about the existence of stationary 
solutions. Prior to do this, we show a path-wise existence result, which will 
be the basis of the proofs of the two main theorems. 

4. 1 . Path- wise existence. In this section it will be proved the existence of 
suitable weak solutions as defined in Definition l2.31 In other words we will 
show the following theorem 

Theorem 4.1. Assume (lAdl) . There exists a suitable weak solution in the 
sense ofDefinition \2.3\ 

The proof of this theorem is given in three steps. In the first step we 
solve a linearised version of the equation, whose higher regularity will let 
us prove the local energy inequality for such solutions. The second step 
will consist in the application of the Banach fixed point theorem to get the 
solution of an approximated nonlinear problem. In the third step we will 
find, in the limit of the approximation, a solution as requested by Theorem 

EH 

We start with the first step. 

Lemma 4.2. Let mq G V, w G L°° {Dt) nL^{0, T;V) and ^ G L^{0, T;V) n 
Lr{0,T,H). Then there exists a unique solution {u,p) of the problem 

'a^M- Am+vp+(wV)(m+^) = 0, 

divM = 0, 

' u = on (0,r) xdD, 

^m(O) = Mo, 

with u G C([0,r];//(|(D)) nL^{0,T;H^{D)) and p G L^{0, T;H\D)). 
Moreover we have d^u E L^{Dt) and for any (|) G C'^{Dj), (|) > 0, 

2/7 |Vm|>= /7 |Mp(3fC^ + A(^)+2 /7 p{u-W^) 
Jo Jd Jo Jd Jo Jd 

+ 2 /7 (|wp + 2M-^)(w-V(^)+2 /7 <^^-iw-V)u 
Jo Jd Jo Jd 

Proof Let 'B : L^{0, T;V) ^ L^{0, T;L^{D)) be the operator 

'Bu = {w-V)u 

It is easy to see that (^Bm, v)^2(£)-j = — (fSv, m)^2(£,) for u, v eV and so it is 
easy to deduce that {'Bu^u)i2^d^ =0. 

We look for a solution u E L^(0, T; V) of the problem 

|-(m,v)// + (m,v)k + (®(m + ^),v)^2(^) =0 foreachvGV, 

m(0) = Uq. 
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We will see that u eV (1 H^, then Au E H and so u' = -Au -(PB{u + ^) in 
H and u' e L^{0,T;H), i.e. u is equal a.e. to a continuous function from 
[0, r] to H (see Temam I.22J . Lemma 3.1.1) and the initial condition makes 
sense. 

We prove existence by means of the Galerkin method. Let vi , . . . , v^, . . . 
be a basis as above. We define for each m > 1 the approximate solution Um 
of the problem as follows 

m 

Um = ^^<(Ov^■ 
^■=l 

and 

iUm^Vj)H + iu,„,Vj)v + {'B{Um+^):Vj)j^2(^D) =0 J = l,...,m 

where mJ), is the orthogonal projection in H of uq on the linear space spanned 
by vi , . . . , v,n. This finite-dimensional linear system has a unique solution. 

First we obtain an estimate of in L^{0,T;H)nL^{0,T;V). Multiply 
each equation respectively by mJ„ and sum to have 



^l^ml^ + 2| IWml |y +2 {Ufn + ^),Ufn)i2(^jj-^ — 0. 



Since 



2(s(M„ + ^),Mm)^2(£,) = -2{'Bu^X)l2(d) 

< \\u,n\\v+ I 1^1 VP 

Jd 

< IWmWv + \\M\l'-{D)\\^\\l'-{D)^ 



we have 



and consequently, integrating in time. 



sup \Um\H < l"ml// + 7^lkllL~(07-)ll^llL~(L2(0)) 

(o,r) ^ ^ " 



and 



/ \\Um\\l < \ui\l + T\\w\\l^(^jy^^\\^\ 
J 



L"(L2(D))- 



Then we obtain an estimate of u,n in L°°(0, r;y) nL?'{0,T;H^{D)) and 
of in L^(0, T,H). Multiply each equation by u'J and sum to obtain 

WL\h + \v + (® ("™ +^). "m)L2(Z)) = 0, 

and so, by using Cauchy inequality and Young inequality. 
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that is 



I / |2 ^ I 



Jd 



in particular 

^ II l|2 ^ 
^ Mm 1/ !^ 

at 



/ o o o o o o 

y^|w| |VMm + Vz| < 2||w||^oc(£,)||Mm||v+2||w||^„op)||^||v. 

By Gronwall lemma we get 

and, by integration by time, then we have 

Wm\H^ ll"0||v+2||w|||oo(^^) ^||MOT||i~(y) + ||^|li2(y)^ • 

In conclusion we obtain that Um is bounded in L°°(0, T;V) and mJ„ is bounded 
in L-^(0, T;H). From the equation then we get 

AUm = -u'rn " 'P^i^m + ^) 

and so Aum e ^^(0, T;H); by the regularity theory for the Stokes operator, 
we obtain a bound for in the space L^(0, T;H^{D)). 

Then there exist a subsequence (Mm')m'eN of (Mm)meN and a function u 
such that M„/ converges weakly to u in L^(0, T;V) and L^(0, T;H^(D)) and 
converges weakly* in L°°(0, r;y) and in L°°(0, T;//). Moreover w^, con- 
verges weakly to u' in L^(0, r;/f ). 

Taking the limit in the equation gives 

^(w,v)/f + (M,v)v/ + (!B(M + ^),v)^2(£,) =0 for each veV 

in the sense of distributions on [0, T] . 

We can easily see that the solution is unique, that u e C{[0,T];V) and 
that 

m'+Am + !P!B(m + ^) = inH. 

This means that (u' +Au + B{u + ^)) = 0. Since u' +Au + B{u + ^) G 
L?'{Dt), there exists a function p such that Vp(?) e L?{D) for a.e. t, and 

a^M- Am+(w-V)(m + ^) + V/7 = 

whence Vp e L?-{Dt). Normalising p by imposing that Jj^pdx = 0, we 
obtain/7eL2(0,r;7fi(D)). 

Now we prove the energy equality. Let (j) G {Dj ) and G = — ( w • V) (m + 
^). Then 

3f M — Am + Vp — G; 

we mollify in this equation in order to obtain smooth functions Um, Pm 
and Gm such that 

dfUm — + ^Pm = 

diw Um = 
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in a neighbourhood of Supp(|) and such that 

Um u in L°° {L? (D) ) , 

Vum^'^u inL , 

Pm^P inL^, 

Gm^G inL^ 
then we mukiply by u^'^ and integrate by parts to have 

V(^) + 2 JJ{u„rG,n)^. 

As m ^ oo, we recover the energy equality, using the fact that G = — (w ■ 
V) (m + ^) and by integration by parts. □ 



In the second step of the proof of Theorem 14.11 we obtain the solution 
for the approximated nonlinear equation. We firstly define a regularisation 
procedure. Let vi , . . . , v,„, . . . be an orthonormal basis in H of eigenfunctions 
of the operator A. For any N eN and v E H,we denote by the projection 
of V on the span of vi , . . . , v^^. The following properties hold 

1. \v^\h<\v\h; 

2. ||v^||v<||v||v; 

3. ||v-v^||v ^OifvGV. 

Notice that, by virtue of assumption dAdL we know that 

z E L'^{0,T;H)nL^{0, T;V)nL^+^{0,T;L'^{D)). 

for some e > 0. Actually we know much more, namely that z is bounded 
with values in L^{D), but, as we shall see, a weaker bound (like the one 
given above) is sufficient. 

Lemma 4.3. Assume (lAdl) . LetN E N, then there exists a pair (vyv, %m), with 
VN E L^{0,T;H^{D))nC{[0,T];H^{D)) and dtv^ E L^{Dt), %n^L^{Dt) 
with Ji^TlN = 0, that solves the following equation 

dtVN-AvN+[{ivNf+Z^)-y]ivN+z)+ VtTa, = 

with initial condition Vn{0) = Uq, and such that for any (|) E C^i^Dj), (|) > 0, 
the following energy equality holds 

Jo Jd Jo Jd Jo Jd 



+ 1 I^{\vn\^ + 2VN ■ z) (((v^)^ + Z') ■ V(^) 
+ 2£ljz-{{{vNf + z'')-V)vN 



Proof Fix G N and let 

C = {wE L^iO,T;V) nL°°(0, T;H) \ \\w\\c < Ro}, 
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where 

II • lie = (II • IIl2(v) + II ■ lli~(//))^'^^ 

and Rq will be fixed later. Define a function from C to L°°(0, T;H) n 
L^(0, T; V) as follows: if w G C, we take the regularisation as above and 
u — !Fwis the solution of the problem 

1. d,u-Au+[{w^ + z^)-V] {u + z)+Vp^O, 

2. divM = 0, 

3. m(0) = Mq^, 

4. M e l2 (0, r; //2 (£)) ) n c( [0, r] ; //(j (Z)) ), 

5. dtU, p G L?-{Dt) and JoPdx = 0, 

6. for any ^ G C^{Dt), ^ > 0, 

|Vm|>= /7 |Mp(af(|) + A(|))+2 /7 ;?(wV(|)) 

Jo JD Jo JD Jo Jd 

-£J^{\u\^ + 2u-z){{m/' + z^)-V<^) 



+ 



+ 



The existence and uniqueness of this solution is guaranteed by the previous 

lemma, once we apply it with w + and ^ ^ z. 

First we show that maps C into itself. In order to show this, we shall 
only choose a suitable Rq. We have 

\\!FM\l-iH) +n!FM\h^v) < l"o l' + 2 \z\ ■ \w^ + z^\ ■ |Vjw| 

<\uo\^ + \\^Fw\\l2^y^ + jJ'jzW + ^\^ 

and so, since in finite-dimensional spaces all the norms are equivalent, we 
have 

\\W^ + <Cn\\w^ + ^\\L-iH) <CN\\w + z\\L-iHy 

Then 

\\!^M\l-{H)+^\\!^M\l2(y) < Wo\H+CNT\\z\\l^t^H)\\^ + z\\l^^H) 

< \uo\jj + 2CjfT\\z\\jj>,(^[j^ (^^0+ lkllL°°(H)) 

if we choose Ro> \uo\^ and T small enough. 

Then we show that J is a contraction. Let wi,W2 E C and set w = wi — 
W2, v = fw\—!Fw2 and p = pi — pi, where pi, p2 are the corresponding 
pressures. Then 

a,v - Av + Vp = - (vtA . V) ( J wi + z) - [{w^ + z^) • V] V, 
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and so, using the fact that v(0)=0, we have 

Ml-iH)+nv\\l2^v) < ^[j^ ■ \^\ ■ |Vv| 

rT 

< 2||iFwi ■ \\w^\\l-{Dt) \\^v\\l2{d) 

In particular 

\\v\yiy)<T"H7wi+z\\L -(//) ■ II>^IIl~(D7-)5 
and it follows that 

|2 , II .||2 / oT^ii , _||2 \\,.M\\2 



<^TCI[rI+\\z\\1^^^^)\\w\\1. 

In conclusion 

\\7Wi-fW2\\l < ^TCl [Rl + Ml^i^H^ \\wi-W2\\l 

and, if we choose the time interval small enough, the map J is a contrac- 
tion. □ 

Then the last step of the proof follows. We show that the sequence 
(vAf, tin) converges to a weak solution (v, n) satisfying the properties of Def- 
inition |231 

Proof of Theorem \4.1\ First we get an estimate of the solutions in the spaces 
Lr{0,T;H) and L^{0,T;V). Indeed, multiply the equation by and inte- 
grate by parts to get 

(4.1) ^^KI^ + l|Vv^||i2(^) = ^z-[(Kf +z^)-V]v^, 
By using Holder inequality and Young inequality we get 
/^z-[(Kf+/')-V]v^< 

Jd Jd 

<C'l|VvA,||^/J^)|v^ll/'||z||,4(z,)+C||Vv^||,2(^)|z|i/^||z||f 



and so 
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since, for any suitable ^, by virtue of Sobolev inequalities, 

Then, by Gronwall lemma, 

sup \vN\ji<C(T,z) + \u%<\uo\ji + C{T,z) 

(OT) 

and, integrating with respect to time, 

rT 

\\VvN\\l2<\uo\ji + C{T,z), 

where C{T,z) is a constant which depends only on T and on the function z. 

Then we give an estimate of the pressure term. By Theorem 15 of [20 1 we 
can deduce that Vtia? are bounded in L^/^((£, T);L^/'^{D)) for every £ > 0. 
Then using the argument given in H (page 781), we can conclude that tta? 
are bounded in L^/^((£, T);L^/^^ (D)), provided that 

/ 'Ki\/dx = 
.Id 

at each time. 

We can improve the regularity of Hm using the general result of Sohr and 
Von Wahl ll2T1l or the simplified argument of Lin lfT2l . to obtain that are 

bounded in Lf/J ( (0, T] x D) . 

At last, using an argument similar to the one in Lemma 4.2 (Chapter III) 
of [.22 J . we know that vm are bounded in W^'^{O^T\D{A^^)) and so, by 
virtue ofTheorem2.1 (Chapter III) of |^3, {vN)N&i is compact inL^(Dr). 

We can deduce then that there exist a subsequence of (viv,7tiv)A'eNj which 
we call again {vn.tin), and functions (v,7r) such that 

1. ^ V weakly* in L°°(0, T;L^{D)), 

2. Vvn — > Vv weakly in L^{Dt), 

3. vn strongly in L^{Dt), 

4. TiN-^n weakly in Lf/J((0, T]xD), 

5. vjy is bounded in L2(0,r;D(A-i)). 

These convergence properties are sufficient to verify that the limit v is a 
weak solution of Navier-Stokes system. Moreover the initial condition is 
satisfied, in fact vn are weakly continuous uniformly, by the bound of their 
derivatives, and so 

v(0) = limvA^(O) = uq. 

N 

At last, thanks to the uniform bound on the time derivative, the limit is 
continuous as a function from [0, T] to the space H with the weak topology. 

Now we prove the classical energy inequality. Integrate (14.11) in time 
between s and t, then in the limit as ^ oo, the classical energy inequality 
for V is obtained. 

The last step of the proof is to prove that the limit v verifies the local 
energy inequality. Since Vyy — v in L?-{Dt) and are bounded in Lio/3(Dr) 
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by Sobolev inequalities, then va^ — > v in ^{Dt) for any q G [2, By the 
properties of the regularisation, we can deduce that {v^ + z)^ — > (v + z) in 
L^{Dj) and, in the same way as above, in U<'{Dt). 
Let (p e C^(Dr). We know that 

JJ\Vvn\^(P = JJ \vN\^{dr(p + A(p) + JJlTlNVN ■ Vcp 
+ JJ{\vN\^ + 2vN-z){{vN + zf-^(?) 

+ 2jJi?z-[ivN + zf-V]vN. 

By lower semi-continuity 



JJ |Vvp(p < liminf J J |Vv^p(p; 



moreover, since vn converges strongly in ^{Dt), with q G [2, -j), and pi^ 

5 /3 

converges weakly in L^^^ (^r)j the first three terms converge. In order to 
show that the last term also converges, we use the fact that z is bounded in 
L^+^(0, T\L^{D)), with e > (this is the only step of the proof where we 
need this fact). Let 

then we know that (vyy + converges in LP{Dt), by the previous consid- 
erations, and is bounded in L^(0, T;Lfl{D)) by the Sobolev inequality. Thus 
by interpolation [vm + z)^ converges in the space L^(0, T;L^{D)) and this 
is sufficient to conclude since 

- - ^ 

□ 

4.2. The proof of Theorem l231 We can use now the results of the pre- 
vious section to show the existence of martingale suitable weak solutions. 
There are some technical points in the proof of this theorem, mostly linked 
to the fact that we deal with a pair (v,7l) of processes, where we have no 
information on the tightness of the laws of the approximating sequence of 
pressures. We solve the problem by means of the following lemma, which 
is given in a generalised setting. 

Let (5, ds) and (T, dj) be two complete separable metric spaces and con- 
sider the product metric space S x T, endowed of the product metric. Let 
k: S xT ^ She the canonical projection onto the first component, that is 
71(5, t) = s for (5, t) E SxT. Let a sequence of measure v„ be given on 5 x T 
such that 

^„ = 7rv„ ^ lu, 

where is a measure on S. 
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Lemma 4.4. There exist a probability space (Q, f , P), a sequence of ran- 
dom variables (X„,y„) on S xT, the laws of which are v,,, and a random 
variable X on S having p as its law, such that 

Xn^X F-a.s. 

Proof. From Theoreme 1, § 6, No. 1 of Bourbaki f^, since T is a complete 
separable metric space, it may be homeomorphic-ally embedded as a Gg 
subset (a countable intersection of open sets), and so as a Borel set, of a 
compact metrizable space f. So measures v„ can be extended to measures 
v„ in the space f : in this way the sequence (v„)„£n is tight and by Pro- 
horov theorem there exists a subsequence, called again (v„)„£n, converging 
weakly to a measure v on T. Obviously 7tv„ = and ftv = /j, where ft 
is the projection of the space S xf onto the first component. By Skorohod 
theorem there exist a probability space {Q., J , P), random variables Yn) 
onS xf, with laws v„, and (X, Y), with law ft, such that 

iXnX)^iXJ) P-a.s. 

Since v„(5 xT) = I, the restrictions to the space S xT of the previous ran- 
dom variables {Xn.Yn) (notice that X„ = have v„ as their laws. More- 
over, X has ju as its law and X„ X, P-a. s. □ 

Remark 4.5. In ifTSl it is given an alternative proof of this fact, showing 
that actually the claim is true for the whole sequence, not only for a sub- 
sequence. Since we will use the lemma together with a compactness argu- 
ment, we don't really need the complete result. 

Proof of Theorem [Ol Let z be the stochastic process which is solution of 
system (12.21) . We know that for a.e. (O G f2 we have that W{(d) is in the 
space Ci/2-£([0,r];D(AS)) for all £ < 5, and so by |6| we can deduce that 
z((o) satisfies (12.41) . So we can apply path-wise the results of the previous 
section. For a.e. (0 G Q we use Lemma l431 to get for each G N a pair 
{v!si,H!si). The map 

(deQ.^ (vA^((o),7riv(a)),z(a)),W^((o)) 

with values in 

L2(0,r;//) xLf/f(Dr) xC([0,r];//) xCo([0,r];//) 

is measurable for any T > 0. The random variable vpj{t) is measurable for 
almost each t >0 since each vector field is continuous with values in H. In 
fact, if Tje are moUifiers, then 

rie*vyv(0 ^ va^(0 inH 

and Tie * vn are measurable. In the same way, thanks to uniqueness of the 
solutions, we can use a smarter regularisation, namely 

Vn + - o'^{vN{s)-v^^)ds 
£ Jo 

to show that v^ is a progressively measurable process. 
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So it is well defined a random variable ( vat ( ■ , (o) , tTa? ( ■ , (o) , z ( ■ , Co) , ( ■ , (o) ) 
such that z satisfies (12.21) . {vn.tIi^) is the solution of the approximated prob- 
lem for almost each co G fl, and V7 is a Brownian motion. 

Let Vat be the law of {vm.t^n, W) in 



and let /j^ be the projection of Va? in the variable v, that is the law of v^- We 
want to show that the family of measures /jyy is tight, that is for each £ > 
there exists a compact set in T, such that 



The set is compact in L^(0, T;H) and, moreover, 

P [v ^ K^] < ^E(||VA^||J„(0^7-.^) + \\vN\\]2{Qj.y) + l|vA'll/fi(OT;£>(A-i))) 

and the right hand side is smaller than e if the above mean values are uni- 
formly bounded with respect to and Cg is chosen properly. To see this, 
fix G N and let up^ = va? First we have (this can be done as in Lemma 



£ =L2(0,r;//) xLff (Dr) xC([0,r];//) xCo([0,r];//) 



MKz) > 1-e 



A^GN. 



We take 




2.3 in L12J) 




^\WN\\u-{Q^T;H)^^\\^N\\i2{^Qj.y^ 



is bounded uniformly in A^. We know that 




and so (see Pardoux lfT4ll . Theoreme 3.1) 




Notice that, if Xr = mf{t > 1 \uN{t) \ > R}, then 



(4.3) 
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is a local martingale with respect to the stopping time x^;, and so, taking the 
expectation of (14.21) at time t AXr, 

rtAiR 



E|aAf(?AXi;)|^ + 2E / IIma'IIv"^^^ = 

= E|m^|^ + E/ \f\]ids + Wj \uN\jjds + otAXR, 
Jo Jo 

Let (p{t) = E\uN{t AXR)\'jj, then we have 

(p(0<cp(0)+/ \f\Hds+ I (p{s)ds + ot 
Jo Jo 

and by Gronwall's lemma we can deduce that cp(?) is bounded by a constant 
independent of R. So, as 7? t 0°, we can deduce that Wj\u^{t) |^ < C{T), and 
then that (14.31) is a martingale. 

So, by taking the expectation in (14.21) . we obtain first that 



E\uN{t)\H + E J^^ \\uN\\ldr<E\uN{s)\jj + o{t-s)+Ej^^ \\f^\\v'ds, 
and then, using the Burkholder-Davis-Gundy inequality, that 

Ersup|MAf(5)|^l +E / llMAfllyii* < 
s<t Jo 

< E\i^ \l + f WfWl: ds + ot + 20C1E [ r \uN\jjds]K 

•JO fJ 



We can conclude that 

ETsupIma^MI^I+E ['\\uNfds<2E\u^\^ + 2 []\f^\\l,ds+2o{l+oC^)t 

s<t Jo Jo 

and the claim is proved. 

By Lemma 14.41 there exist a probability space {Q., f , P) and random 
variables U^i^ = (%^., 7tAr^,z, IV) G £ such that the law of each COv^ is Va^^. and 

^f^k ~^ ^ P — a.s., 

where v is a random variable whose law is /u. 

It is easy to check that is a Wiener process which keeps the same 
regularity properties of W. Notice that 

P[v^GL2(0,r;D(A))nC([0,r];y)] = 1, 

and so the same holds true for the new random variables . In the same 
way we can deduce that Kni^ E L^{Dt) and so on. Now we need to show that 
the VAfj satisfy the equations and the energy inequalities. We give a proof, 
using a trick of Bensoussan [IJ, for the local energy inequality (actually it 
is an equality for the v^). Given (|) G C^{Dt), define the random variable 
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X^: (a,j)^(R,«(R))as 

-T 



iff IVvyvpCp- / / \vn\HM + ^<?) 

Jo Jd Jo Jd 

- + ■ ((^^ + ■ Vcp) 

-2/7 <?z-{{vN + zf-V)vN-f^f 2nNVN-V(p 
Jo Jd Jo Jd 

and let X^'' be the analogue of X^ for the Uni^. 
We know thatX^ = 0, P-a. s., and so 

X^ 

E rr =0. 

1+X^ 

Notice that 

where 4> is a deterministic bounded continuous function on the subspace 
of £ where the are concentrated (remember that the are far more 
regular than the elements of E ) and so 

~ X^k ^ _ r 

^Y:^ = ^^(^^^^ = ^(") W = ^^(Un,) = ^Y-^t = ^' 

this means 

Xn, = P-a.s. 
If we do this for a dense set of functions in C'^{Dt), we can conclude that 
there exists a set C Q of full measure such that the local energy inequal- 
ity holds for each (oeClo and (|) G C^iDr). 

From now on, since the two sequences enjoy the same properties, we will 
omit the tilde. 

The last step of the proof is to show that the limit process is a martingale 
solution. We need to find the limit of the sequence of the pressures in such 
a way that the equations and the energy inequalities are satisfied. First we 
observe that the vyy^ solve the equation 

dtVN, +AvN, +5((vivJ^* +z,Viv, +z)=0 

P-a.s. in V', so in the limit 

dtV+Av + B{v + z,v + z) =0, P-a.s in V'. 

Thus there exists a distribution n such that (12.31) holds true. Normalise n in 
such a way that 

/ Tl{t)dx = a.e. t. 
Jd 

The set of (D E Q. such that V^((o), and so z((o) and all VAf^((0), has the 
suitable regularity we need, such that (vA?j((o),7rAfj,((o)) satisfy the modified 
Navier-Stokes equations and such that VAr^((o) v((o), has probability one. 
Take an (O G f2 in this way. Then there exists a subsequence of ^^^^{(x)) 
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5 /3 

which converges weakly in Lj^^ (^r)- Taking the limit in the equations, we 
observe that the equations are satisfied both by and by the limit of 
7rA?^((o). This means that the two are equal (they have both zero mean in D) 
and 

%Nk (co) ^ TT ((o) weakly in L^/^^ {Dt ) . 

We need only to verify that (v(a)),7r(a))) satisfies the local energy inequal- 
ity. This can be done as in the third step of the proof of Theorem 14. 11 since 
VAfj(a)) converges to v(a)) strongly in L^{Dt), weakly in L^{Q,T;Hq{D)) 
and weakly* in L°°(0, T;L^{p)), while TiNki^) converges to 7r((o) weakly in 

Finally we set w = v + z and P = n + Q and we can conclude that {u,P) 
is a martingale suitable weak solution in the sense of Definition 12.41 □ 

4.3. The proof of Theorem 12.111 In this last section we prove the exis- 
tence of stationary solutions. The proof is given using the classical Krylov- 
Bogoliubov method, where the initial measure is given by the law of a mar- 
tingale solution. 

In order to show the existence of time-stationary measures, we need the 
following compactness lemma. 

Lemma 4.6. Let {T]\i) be a sequence of positive real numbers such that 
7)v t ^(TJv) be an increasing sequence of positive constants and let 

^, s, p > Q be such that |3 > 0, 5 < ^ and sp < I. Then the set K of all 
{u.W) G S such that 

ll"lli~(o,r^;//) + M\h{Q,TM-y) + 1 1^1 \w^p{q,Tn;d{a^)) - ^"^^^^ 
for each N eN is compact in S. 

Proof. Since the u E K are bounded in L^{OJ\H) and in L^{OJ\V) and 
they satisfy equation (12.11) in distributions, it follows that they are bounded 
in//i(0,r;D(A-i) (see Temam ll22llV 

Moreover the immersion of the space W'^p{Q,T;D{A^)) in C{[QJ];H) 
is compact. In conclusion, for any given Tf^, we need only to show that, if 
(m„,W„) G if and 

{un^Wn) {u,W) inL2(0,r^;//) xCo([0,r^];//) 

then (m, W) G 5 , that is (m, W) is a suitable weak solution in [0, TV] . 

Let Zn be the solution of the Stokes equation (12.21) with 3?W„ as a forcing 
term and let v„ = i<„ — z„ and 7r„ = Pn — Qn- By well known results on 
the Stokes equation (see |l6|) we know that Zn are bounded in L°°(0, T;H), 
l2(0, T;V) and L=°(0, T;L'^{D)) and moreover z„ ^ z in l2(0, T;H). Then 
v„ are bounded mL^{OJ\H)nL^{OJ;V) and so we can proceed as in the 
third step of the proof of Theorem 14. 11 to get all the convergence properties 
we need to take the limit in the equations and in the local energy inequality. 

□ 
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Proof of Theorem \2. 1 1\ We use the Krylov-Bogoliubov procedure for the 
semigroup Xf in 5 . Let uq E H. In the previous section we have shown 
the existence of at least one martingale suitable weak solution u of Navier- 
Stokes system driven by a Brownian motion W and with initial condition 
Uq. Let Vo G Mi{s) be the law of the stochastic process (w, W) with values 
in 5. Let V/ = XfVo and set fJt = j lo^sds. Notice that the -component of 
V/ and is always the Wiener measure given by the Brownian motion W, 
due to the stationarity of this process. 

Suppose that for each £ > there exists a compact set in S such that 

(4.4) Vt{K^) > 1 - £ for all f > 

(this claim will be proved in the sequel of the proof), so that fit (^e) > 1 — e, 
and the family of measures (jUf)/>o is tight. By means of Prohorov theorem 
there is a subsequence (/J?„)neN which converges weakly to some /jEMi{s). 
The measure /j is time stationary, in fact if ? > and ECb{s), 

= lim iut„{xt^) (since X/(|) E Cb{W)) 

1 f^" 



1 f" 

= hm - / Vo(x,.+r(|)) J* 

tn Jo 
1 rt+i„ 
= lim — / Vo{Xr<^)dr 

n^oo tn Jt 

= lim;Uf„(4>) + lim - ( / VQ{Xr^)dr- [ Vo(x,4)) Jr 

n^oo n^oofn \Jt„ Jo 

= fj{^) (vo (x^{|)) is bounded in r) . 



Then we show the claim in (14.41) . In order to show that is a tight family 
of measures, we need only to show that 

rT 

E[sup |X/m|W ||x,I/||^<i? + ||X;W^||^.v,p] < C(r) uniformly in 0, 

(o,r) -'o 

in fact if we take k{Tn) > 2"+^£C(r„) and as in Lemma 1431 we have 

v,[K^] = F[Xtiu.W)^K^] 

= P[u„£n{sup |x,m|5_ / \\Xtuf dt +\\XtW\\'^s,p > k{Tn)}\ 

(n T \ Jo 



{0,Tn 

■■T„ 



r in 

< y P[sup \Xfu\l_ / \\Xtufdt+\\XtW\\^,.p>k{T„ 
„=o (o,r„) .^0 

toKTn) \o,T„) Jo 



<£^<£. 

n=Q ^(-^") 
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To prove the claim, we use (12.51) and Poincare inequality to get 

E|l7(0|2, + XE^'|lZ(r)|^Jr<E|M(5)|^ + (o+||/||2,)(?-^), 
then using Lemma l49l it follows that 



E|m(?)P< sup E\u{s)f'+ ^^r!2 for almost every L 

Finally by (12 .61) we obtain 

ft+T 

E|XfIZ|J„, 2. . =E[ sup \u{s)\l+ \\u{s)\\^ds] 

(t.t+T) Jt 

<2E|lZ(0|^ + 2(||/||2,+a(l+oC2))r 



(4.5) <2 sup ^u{s)\^+ 

^£(0,1) ^ 

+ 2(||/||2,+a(l+aC2))r. 
The estimate on the Brownian motion is classical: 



E||W||^.,p<^ n\%tW{r)\\ 



.T .rE||W(ri)-W(r2)||^ p 

+ / / \ —dndr2 

Jo Jo \ri-r2y^^P 

pT pT pT 

since s < ^. 

We want to show now that the stationary measure has finite mean dissi- 
pation rate. We consider 



^{u) = [ \\u{t)\\^dt, 
Jo 



this is a lower semi-continuous function on S , then there exists an increasing 
sequence of functions (|)yv G Cb{s) such that (|)yv t ^- From the monotone 
convergence theorem ((|)a?,/j) converges to even if the last term is not 

finite. So it is sufficient to show that ((|)yv,/j) is bounded independently from 
N. Now 

1 f" 

{(?N,/J) = lim - / {^N,ys)ds 

tn Jo 

and by (l43t . 



{^N,Vs) = E(^„(x,(m)) < E4)(x,(m)) < E||Xj(M)||^2(o,r;v) < Ct- 
Finally we show (12.71) . Let 



0(0 



t 

Wuf 



lj{du) 
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then by the invariance of /j. 



@{t)-&{s) = J ' \\u{r + s)fdr^{du) 



t-s 



\u{r)\\^ dr/u{du) 

Is JO 
= @{t-s). 

Since is non decreasing, then &{t) = Ct. □ 

Remark A.l. When the dynamic is well defined, one can be interested in 
studying other mathematical objects, which can give some asymptotic in- 
formation on the solutions. For example the dynamic for the linear Stokes 
equations is well defined and one can study the invariant measures of this 
equation. Then it can be easily seen that any time- stationary solution in the 
path space, frozen at an arbitrary time, is an invariant measure. In fact let 

Pt:z^z{T):C{[Q,<^);H)^H, 

such mapping is continuous. Let /j^ be the the time-invariant measure which 
can be built for the Stokes equation. 

Proposition 4.8. The image measure off/ through pr is an invariant mea- 
sure for the Stokes equation (12.21) . 

Proof. By the proof of the previous theorem 

1 

^ = lim — / Xs^ids, 

tn Jo 

where is the law of (0 ^ z( ■ , (o) in C( [0, °°];H)- Then 

1 f'" 1 
PTH^ = lim — / pTTsVnds = lim - / pT+sVnds, 

tn Jo tn Jo 

since pT°is = Pt+s- Now, since Vq is the law of z(-,0), then Pt+s^q is the 
law of z{T + s,0), that is the law of z{s,z{T,0)). In conclusion 



1 f'" 

Pt^^ = lim — / Lz{s,z{T,0))ds 

n^oo tn Jo 



and, by Proposition 1 1.3 of |l5|, pr/J^ is an invariant measure. □ 

Finally we prove the easy exotic Gronwall lemma we used in the proof 
of the previous theorem. 

Lemma 4.9. Suppose the function v : [0, R satisfies 

v{t) <v{s)~'kj^ v{r)dr + C{t-s) 
for allt>0 and almost all s <t. Then 



C 

v{t) < sup v{s) + Y 
seio,i) ^ 



for almost all t >0. 
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Proof. Let t > Q and let be the set of Lebesgue measure zero for which 
the inequality does not hold. Set u{s) — —v{t — s) for s G [0, t\. It is easy to 
see that for each s e [0, r] such that t — s ^ lACwe have 

u{s)<u{0) + X u{r)dr + Cs 
JO 

and, by Gronwall lemma 

<M(0)e^^ + ^(e^^ -l). 

This means 

v(0 < v(? - 5)e-^ + ^ ( 1 - e-^) < v(? - 5) + ^ , 
and then we can conclude that 

C 

V{t) < sup V(5) + -. 

□ 
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